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A consistent treatment of the coupling of surface energy and elasticity within the multi-phase-
field framework is presented. The model accurately reproduces stress distribution in a number of
analytically tractable, yet non-trivial, cases including different types of spherical heterogeneities and
a thin plate suspending in a gas environment. It is then used to study the stress distribution inside
elastic bodies with non-spherical geometries, such as a solid ellipsoid and a sintered structure. In
these latter cases, it is shown that the interplay between deformation and spatially variable surface
curvature leads to heterogeneous stress distribution across the specimen.
I. INTRODUCTION
The issue of surface or interface energy-induced stress
has long been recognized as a fundamental research topic,
and has been investigated already by J. Willard Gibbs in
the early years of the past century1. Later, a differentia-
tion was introduced between the surface energy, the work
necessary to create a unit area of surface, and the sur-
face tension, the tangential stress (force per unit length)
in the surface layer. This distinction has led to the so-
called Shuttleworth equation which relates the surface
tension stress to the surface energy2.
In the decades following this seminal work, several au-
thors addressed the issue of elasticity and the surface or
interface tension of solid surfaces and interfaces3–8. Al-
ternative interpretations of the Shuttleworth’s equation
have been also proposed with regard to a rigorous distinc-
tion of and mutual relation between the surface stress,
surface tension and surface energy9,10.
On the application side, the advent of piezomagnetic,
ferroelastic and piezoelectric nanomaterials11 renewed
the interest in a better understanding of surface energy-
induced stresses and their role for the materials’ func-
tionality. Indeed, at these small scales, the action of sur-
face tension can lead to considerable internal stresses and
elastic deformation of the material with important size
effects12,13. Surface or interface energy-induced stresses
are also of fundamental interest for all elasticity-related
interface phenomena such as phase transformation ki-
netics14–17, surface or interface diffusion, and thin film-
related phenomena18–20.
In this context, a computational approach which al-
lows to account, under complex geometries, for the effect
of surface and interface energy on the stress and deforma-
tion state at the nanoscale is highly desirable. Motivated
by this idea, we build upon the well-established multi-
phase-field method21,22 and present a consistent formu-
lation for the coupling between surface energy and elas-
ticity in solid bodies of arbitrary shape and therewith
provide an efficient new numerical model for the study
of complex mechanical deformation and heterogeneous
stress states in nanomaterials.
The proposed methodology has important new appli-
cations on the nanoscale, where the heterogeneous defor-
mation and stress state of the material largely determines
its electric or magnetic response, as is the case, e.g. in fer-
roelastic, piezoelectric and piezomagnetic phenomena.
After a brief introduction in Sec. II, the proposed cou-
pling of elasticity and surface energy into the multi-
phase-field framework is presented in Sec. III of this pa-
per. In Sec. IV, the method is validated using a number
of non-trivial test cases for which analytic solution can be
obtained. The thus established method is then used to in-
vestigate the behavior of stress within bodies of complex
shape such as an ellipsoid and a sintered structure. The
existence of heterogeneous stress states in these struc-
tures is studied and its connection to local curvature is
discussed. A summary of the main results is provided in
Sec. V.
II. SURFACE ENERGY AND ELASTICITY
Let us first consider a liquid phase coexisting with its
vapor. For a quasi-static process at equilibrium, the total
differential of the free energy reads
(1)dF = σ dA− pl dVl − pv dVv ,
where pl and pv denote pressure in the liquid and vapor
phases, respectively. Vl and Vv are the volumes of re-
spective domains. A is the surface area and σ the surface
energy. We assume that the condition of local thermo-
dynamic equilibrium is satisfied so that the free energy
F is always at its minimum value. This implies that
a variation of control parameters such as volume of the
liquid domain will leave F unchanged to the first order,
dF/dA = 0. Using dVv = −dVl, one then obtains from
Eq. (1)
(2)pl − pv = σ
dA
dVl
.
For a spherical drop of radius r in d dimensions,
dA/dVl = (d − 1)/r = κ, where κ denotes the surface
curvature. Thus, one recovers the Young-Laplace equa-
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2tion for the pressure difference ∆p ≡ pl − pv,
(3)∆p =
(d− 1)σ
R
= σκ .
In the case of solid surfaces or interfaces, the material
may deform elastically giving rise to internal stresses. In
this case, the hydrostatic pressure is no longer necessar-
ily constant inside the bulk of the material but depends
both on surface tension-induced forces and the internal
deformation state.
In the special case of two elastic phases α and β at
contact, the total differential of free energy reads
(4)dF = σαβ dA+ Vασα : dεα + Vβσβ : dεβ ,
where σαβ is the surface or interface energy per unit
area and : denotes the double inner product (A :B =∑
i,j AijBji). σα and σβ are the stress tensors with the
conjugate strains εα and εβ of the phases α and β, re-
spectively. Vα and Vβ are the undeformed volumes of the
corresponding phases.
It can be shown that σαβ couples to the elastic de-
formation as well. For this purpose, we consider σαβ as
energy per unit area in the deformed configuration A. An
undeformed surface or interface of the area A0 would be
deformed into the area A by a strain alongside the inter-
face εI with A = A0 (1 + 1 : εI). The total differential of
free energy is now written as,
dF = σαβdA0 +A0σαβ1 : dεI + Vασα : dεα + Vβσβ : dεβ .
(5)
Equation (5) tells us that, starting from a stress free state
(σα = σβ = 0) the system may deform along the inter-
face to allow a reduction of surface area. Interestingly, as
will be shown below (see section IV B 1), this may occur
also in the absence of curvature, i.e. for a planar interface,
leading to a non-isotropic stress tensor.
In general, the surface or interface energy of solids σαβ
is a function of temperature, crystal lattice orientation
and elastic deformation of the surface or interface3–8. In
the case of solid-solid interfaces, the dependency of the
interface energy on the elastic deformation might even be
different for both sides of the interface5,6. For the sake
of simplicity, however, this work focuses on the case of
constant surface or interface energy.
Equation (5) can easily be extended to account for the
presence of N thermodynamic phases and their mutual
interfaces,
dF =
N∑
α,β>α
(σαβdA0 +A0,αβσαβ1 : dεαβ)
+
N∑
α=1
Vασα : dεα. (6)
In Eq. (6), the multi-phase version of interface energy
σαβ and the deformation tensor εαβ corresponding to the
interface between the phases α and β are used. For the
sake of brevity, we also use
∑N
α,β>α ≡
∑N
α=1
∑N
β=α+1.
The above description is based on the so-called sharp
interface picture, where bulk phases are separated by
infinitely thin interfaces. Within the multi-phase-field
method, which builds the mathematical framework for
the present model, sharp interfaces are replaced by dif-
fuse ones, assigning a finite thickness to the interface do-
main. One of the main advantages of this description is
that interface tracking is no longer necessary. Moreover,
problems aroused by discontinuous changes of physical
quantities at sharp interfaces are avoided.
III. THE PHASE-FIELD MODEL
The main motivation for the development of the
present method is the need to account for the effect of
surface or interface energy on the deformation state and
the corresponding stress distribution in nano-structured
materials. In order to describe the associated complex
geometries of coexisting gas and multiple solid phases,
the so-called multi-phase-field method provides a good
approach. The next section introduces the proposed
method with a particular focus on the new aspect, the
coupling between the surface or interface energy and the
mechanical deformation in the elastic regime.
A. The density functional for free energy
A detailed account of the multi-phase-field method can
be found in21,22 and references therein. For the sake of
completeness, however, a brief introduction to this fast
evolving field is given below.
A basic ingredient of any phase-field method is the so-
called phase-field function φα(r). This function can be
viewed as the fraction of the volume element dr3 around
r, occupied by the thermodynamic phase α. As a con-
sequence,
∑
α φα(r) = 1. Once all phase-field functions
are known at a given point in space, physical quantities
at that point can be evaluated as average over thermo-
dynamic phases present at that point. For example, the
density is given by ρ(r) =
∑
α ραφα(r). Given the set of
phase-fields, the physical model of interest is constructed
starting from a free energy functional F ,
3(7)F [{φα} ,u] =
∫
Ω
d3r f ({φα(r)} , {∇φα(r)} ,u(r),∇u(r)) .
We consider F to be a functional of N phase-fields, φα
with α ∈ [1, N ], and the displacement vector field u.
The free energy density, f , in Eq. (7) is usually split into
individual parts,
(8)f =
N∑
α,β>α
f interfaceαβ + f
elastic ,
where f interfaceαβ is the energy density of the interface be-
tween phases α and β and f elastic is the elastic energy
density associated with the deformation state of the ma-
terial. In usual phase-field models of phase transforma-
tion kinetics, there is also another important term which
accounts for the contribution of the thermodynamic bulk
phase,
∑N
α=1 f
bulk
α . This term is important in the pres-
ence of thermodynamic driving forces for phase transfor-
mation, such as temperature or solutal undercooling22.
However, since the focus of the present study is on the
deformation induced by surface or interface energy, it
is neglected here. In order to proceed further, we need
closed expressions for the first and second terms on the
right hand side of Eq. (8). The elastic energy density is
given by
(9)f elastic =
1
2
ε :C : ε,
with the strain tensor ε and the stiffness tensor C. The
deformation tensor is obtained from the spatial gradi-
ent of the displacement field via ε = 12
(∇u+ (∇u)T ),
where the superscript T stands for the transpose opera-
tor. The stiffness tensor is not constant but depends on
the distribution of phases in space. For simplicity, we use
a weighted average of stiffness constants of the available
phases, C (x) =
∑N
α φα (x)Cα.
For the interface free energy density, a diffuse interface
analog of εαβ (see Eq. (6)) is introduced via the projec-
tion of the strain field onto the interface. This is achieved
by using the projection matrix P αβ = 1−nαβnαβ , where
nαβ is the unit normal vector between phases α and β,
given by
(10)nαβ =
φα∇φβ − φβ∇φα
‖φα∇φβ − φβ∇φα‖ .
The interface free energy density associated with
phases α and β thus reads,
(11)f interfaceαβ = Iαβσαβ (1 + P αβ : ε) ,
where Iαβ is a characteristic or indicator function for the
interface between the phases α and β,
(12)Iαβ =
4
η
[
− η
2
pi2
∇φα · ∇φβ + |φα| |φβ |
]
.
As the name already suggests, Iαβ is only non-zero in the
interface between phases α and β.
The interfacial free energy density f interfaceαβ is com-
monly used in multi-phase-field methods21–23. The ma-
jor novelty of the present work is the introduction of the
interface-deformation term P αβ : ε in Eq. (11). This term
accounts for the free energy change arising from an elastic
deformation alongside the surface or interface.
B. Dynamic equations and mechanical equilibrium
The time evolution of the phase-field function φα is
obtained from the dissipative ansatz21
∂φα
∂t
= −Mφ
∑
β 6=α
[ δF
δφα
− δF
δφβ
]
,
where Mφ is a mobility coefficient. In the elastic limit
considered in this work, the dynamics of displacement
field u is governed by momentum conservation and is of
the second order with respect to time derivative,
(13a)
d2u
dt2
= Mu∇ · σ with
(13b)∇ · σ = δF
δu
.
Mu is a kinetic coefficient of the dimension of inverse
mass and σ is the stress tensor. Equation (13a) is equiv-
alent to the Cauchy momentum equation, reformulated
for the displacement instead of the velocity field.
In many cases of interest, the dynamics of the phase-
field function, described by φ˙α, is slow compared to the
speed of elastic deformation. Therefore, on the relatively
long time scale associated with the evolution of φα, the
displacement field can reach local mechanical equilibrium
between the two subsequent updates of the phase-field
function. This means that, the equation for u can be
solved assuming no acceleration, d2u/dt2 = 0. Within
this approximation, Eq. (13a) simplifies to ∇ ·σ = 0. In
the remaining of this paper, we will focus on this interest-
ing limit and will work out its consequences for the me-
chanical behavior of solid bodies on the nanoscale, where
interface effects play a major role.
Recalling the definition of the free energy functional F ,
and the elastic and interface free energy densities, Eqs.(9)
and (11), one obtains from Eq. (13b) at mechanical equi-
librium,
(14)∇ ·
C : ε+ N∑
α,β>α
IαβσαβP αβ
 = 0 .
4It is seen from Eq. (14) that the total stress tensor has
two main contributions,
(15)σ = σbulk + σint,
with
(16a)σbulk = C : ε and
(16b)σint =
N∑
α,β>α
IαβσαβP αβ .
Please note that σint has the dimension of energy per
unit volume and is thus similar to the ordinary stress ten-
sor. This is a consequence of the finite interface thickness
so that a volume rather than a surface area is associated
with the interface domain. Nevertheless, as seen from
the presence of the indicator function, Iαβ in Eq. (16b),
the action of σint is restricted to the interface domain.
The projection operator P αβ on the other hand, en-
sures that σint has only tangential components along the
interface. The magnitude of σint is controlled by the sur-
face or interface energy σαβ . Interestingly, the interface
stress tensor σint leads to a force along the normal direc-
tion that is proportional to the curvature. This is easily
seen by applying the divergence operator to Eq. (16b).
Using the definition of the projection operator in terms
of the interface normal vector nαβ , this yields
(17)
f int = ∇ · σint
=
N∑
α,β>α
σαβ [Iαβκαβnαβ + P · ∇Iαβ ]
where καβ ≡ ∇ · nαβ is the curvature of the interface
between phases α and β. Note that in Eq. (17), f int is
a vector and stands for force per unit volume acting on
the interface and should not be confused with the free
energy density f which is a scalar quantity. In Eq. (17),
the contribution to f int arising from ∇Iαβ is projected
onto the tangential plane. Therefore, the second term in
this equation vanishes at all interfaces, where only two
phases meet. This results from the fact that, in this case,
φα + φβ = 1 and thus ∇Iαβ is parallel to nαβ .
C. Simulation details
We use an iterative algorithm24, based on Fourier
transformation, to solve Eq. (14). A boundary condition
is used which allows a free volume expansion (see23). The
three dimensional space is discretized by equally spaced
lattice nodes. As mentioned above, the stress induced by
interface energy becomes relevant for elastic deformation
of solid bodies on the nanometer scale. Therefore, the
lattice spacing has been set to ∆x = 10−9m. If not men-
tioned otherwise, the interface width is set to η = 10∆x.
For the surface or interface energy, we set σαβ = 1J/m
2,
which gives the correct order of magnitude for surface
energy of metals (see, e.g.25 for surface energy of Nickel).
IV. RESULTS AND DISCUSSION
We have seen above that the pressure increase inside a
liquid drop is determined by the curvature of its surface
(see Eq. (3)). For the case of a homogeneous and isotropic
solid, the stiffness tensor is uniquely determined by only
two independent elastic constants, conveniently written
as Cijkl = λδijδkl + µ (δikδjl + δilδljδjk) where λ and µ
are the first and second Lame´ parameters, respectively.
Transferring Eq. (14) into spherical coordinates and using
the isotropic stiffness tensor, one can analytically solve
a number of interesting problems which can then serve
as telling benchmark of the present methodology. Exam-
ples investigated here include spherical heterogeneities12
such as an elastic body embedded in a highly compliant
medium and a spherical inclusion (gas or solid) in a hard
elastic matrix as well as a thin planar sheet made of an
elastic material.
In the following, a detailed validation of the proposed
model is provided via these analytically solvable prob-
lems. The model is then used to study the stress distri-
bution within more complex bodies such as an ellipsoid
and a sintered structure revealing heterogeneous stress
distribution due to a spatially variable curvature.
A. Spherical inhomogeneities
Consider an isotropic elastic matrix α with a spherical
isotropic elastic inclusion β with the radius R and the
interface energy σαβ . The pressure difference across the
interface is then given by (see App. A for a derivation)
(18)∆p =
3λI + 2µI
4µM + 3λI + 2µI
2σαβ
R
,
where λI and µI are the Lame´ parameters of the inclu-
sion and respectively λM and µM the Lame´ parameters of
the matrix. In the following we consider also the radial
component σrr of the stress tensor, given by
(19)σrr =
−
3λI+2µI
4µM+3λI+2µI
2σαβ
R r < R
+
4µM
4µM+3λI+2µI
2σαβR
2
r3 r > R
.
Other components of the stress tensor are given in
Eq. (A11).
As a first example, a spherical elastic body surrounded
by a ‘gas’ phase shall be investigated here. The ‘gas’
phase is modeled as an extremely compliant medium. For
the elastic constants of the solid, we choose λI = µI =
100 GPa = 1011Pa. Recalling the value of the interface
energy σαβ = 1J/m
2, the Laplace pressure σαβκ in the
present study is of the order of 0.1GPa for a solid sphere
of radius R = 20nm. Thus, the assumption of linear
elasticity ‖ε‖  1 is fulfilled in this work, where the
typical linear sizes investigated are roughly a few tens of
nanometer.
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Figure 1. Dependence of the pressure difference ∆p between
an elastic spherical body and the surrounding ‘gas’ phase on
its elastic properties. The radius of the sphere is R = 25nm.
The surrounding medium is modeled as a highly compliant
material with Lame´ parameters λM = µM = 10
−2Pa. In each
plot, ∆p is depicted versus the Lame´ first parameter λI, while
the second Lame´ parameter µI, is kept constant at the values
of (a) µI = 10
11Pa (b) µI = 10
10Pa and (c) µI = 10
9Pa.
The right vertical axis is used to survey the variation of the
compression modulus KI = λI + 2µI/3. All computations are
performed with an interface width of η = 6∆x.
For the ‘gas’ phase, we set λM = µM = 10
−2Pa. It is
important to realize the large ratio of the stiffness con-
stants between the two phases, ‖Csolid‖ /‖Cgas‖ = 1013
with the L2-Norm ‖C‖ =
√∑
ijkl C
2
ijkl.
1. Pressure inside an elastic body surrounded by a gas
As a first result, the pressure difference ∆p between
inner and outer parts of a spherical elastic body embed-
ded in a gas with λM = µM = 10
−2Pa is shown in Fig. 1
for different choices of λI and µI. The pressure is calcu-
lated as the one third of the trace of the stress tensor,
p = − 13 trace (σ). Despite the variation of the first Lame´
parameter λI by roughly 7 decades, the pressure differ-
ence is essentially constant, varying by approximately
0.5% only.
In order to highlight the variation of elastic proper-
ties of the sphere upon a change of λI, the compress-
ibility is also shown in Fig. 1. Depending on the value
of µI, it varies over three (µI = 10
11Pa) to six (µI =
109Pa) decades. Using the expression for the Poison ra-
tio, ν = λ/(2(λ + µ)), it is also seen that, in all the
three investigated cases, the Poisson ratio of the sphere
varies between roughly 0 (λI → 106Pa  µI) and 1/2
(λI → 1015Pa µI).
The main reason behind the insensitivity of ∆p with
respect to a variation of λI in Fig. 1 is that the elastic
constants of the surrounding medium are negligibly small
as compared to that of the sphere. Indeed, values of λI
and µI associated with the sphere are at least by eight
decades larger than those of the surrounding medium in
the entire investigated range. A survey of Eq. (18) reveals
that, in this case, the classical Young-Laplace equation,
which describes the pressure difference between a liquid
drop and the surrounding vapor (Eq. (3)) becomes an
excellent approximation.
This fact is further highlighted in Fig. 2a, where the
pressure difference ∆p is shown as function of the sphere’s
radius for three different choices of the interface thick-
nesses, η = 5∆x, 10∆x and 20∆x. Obviously, the data
on ∆p are in very good agreement with Eq. (18) for all
the three interface thicknesses investigated.
To illustrate that the present multiphase-field ap-
proach also provides detailed information on spatial vari-
ation of the stress tensor across the interface, Fig 2b
shows the pressure p, the normal σ⊥ and the tangential
σ‖ components of the stress tensor along a center line
of a spherical solid body surrounded by a ‘gas’ phase.
All three quantities are zero outside the sphere, but ap-
proach a finite and spatially constant value close to its
center. Within the interface domain, however, strong
variations are observed. These variations of σ⊥ and σ‖
contain important information about the surface or in-
terface energy. Indeed, the mechanical definition of the
surface or interface energy between two phases α and β
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Figure 2. (a) The dependency of the pressure difference ∆p between the inside of an elastic spherical body and the surrounding
‘gas’ phase, on the radius of sphere R. The ‘gas’ phase is represented here as an extremely soft material with Lame´ parameters
λM = µM = 10
−2Pa, while the sphere is an elastic body with λI = µI = 100GPa = 10
11Pa. Symbols correspond to different
choices of the interface thickness η as indicated. The solid line gives the analytic result, Eq. (18), which reduces to the
well-known Young-Laplace law for the present set of Lame´ parameters. (b) The magnitude of pressure p = − 1
3
trace (σ) and
components of the stress tensor σ alongside the x axis for a spherical body of Radius R = 50nm surrounded by a ‘gas’ phase.
The Lame´ parameters are identical to (a). The center of the sphere is at the coordinate origin. Note that the diagonal
components of the stress tensor parallel to the interface are equal: σyy = σzz = σ‖. The normal component σxx = σ⊥, however,
behaves differently within the interface. This difference, when integrated along the interface normal, is the surface energy
σαβ = limx→∞ σαβ(x), where σαβ(x) =
∫ x
0
dn
(
σ‖ − σ⊥
)
. The inset shows this integral as a function of the integration limit x.
As expected, it approximately reaches the value of σαβ = 1 N/m when passing through the interface.
reads26,27
(20)σαβ =
∫ ∞
0
dn
(
σ‖ − σ⊥
)
,
where the integral is performed along the direction nor-
mal to the surface or interface.
Equation (20) allows to easily differentiate between the
energy, which is necessary to create a surface of unit area
σαβ and the tangential stress σ‖ acting on the surface.
Moreover, it also provides a simple way to test Eqs. (14)
and (15): Since the surface or interface energy σαβ is an
input parameter and thus known from the outset, it can
be checked whether the stress tensor obtained from the
solution of these equations satisfies Eq. (20). The result
of such a test is shown in Fig. 2b, where the integral in
Eq. (20) is evaluated. The performed calculation delivers
the correct surface energy of σαβ = 1J/m
2 to a good
approximation.
2. Pressure inside spherical bodies surrounded by a solid
matrix
In the above, we considered a homogeneous isotropic
solid sphere surrounded by a highly compliant medium
(a ‘gas’) and tested the present model against the cor-
responding analytical solution, Eq. (18). Here, we in-
vestigate a new situation where an elastic solid matrix
with λM = µM = 100GPa contains a spherical inclu-
sion made of either a solid material (referred to a solid
inclusion) or gas (cavity). In the first case, we set
λI = µI = λM = µM = 100GPa and in the second case
we chose λI = µI = 10
−2Pa.
Simulation results on this issue are depicted in Fig. 3
and are compared to the predictions of Eq. (18). For
the two cases considered here this equation predicts
∆p =
9σαβ
10R for solid inclusion and ∆p = 10
−13× 5σαβ2R ≈ 0
for cavity, respectively. The observed deviations between
simulation results and the analytic predictions can be
rationalized by recalling that Eq. (18) is obtained by as-
suming an infinitely sharp interface between the adjacent
phases. The present model, on the other hand, introduces
a finite interface width in order to smooth out disconti-
nuities. As the radius of sphere becomes comparable to
this thickness, deviations from a sharp interface solution
are to be expected. This interpretation is in line with
the fact that the simulation results approach the ana-
lytic prediction for large R.
As anther telling test with a focus on spatially vary-
ing stress field, Fig. 3b shows the radial component of
the stress tensor for the above investigated cases. One
can see that the numerically obtained results agree well
with the analytical solution Eq. (19) outside the interface
domain. It is noteworthy that there is no sharp interface-
analog of the stress tensor variations within the interface
domain. Nevertheless, we emphasize here that the be-
havior of stress tensor within the interface is consistent
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Figure 3. (a) Pressure difference ∆p between a spherical inclusion (gas or solid) and the surrounding solid matrix versus the
radius R of inclusion. The solid inclusion has the same Lame´ parameters as the elastic matrix, λM = µM = λI = µI = 100GPa.
For the cavity, we chose λI = µI = 10
−2Pa. Data obtained from the present multi-phase-field method are shown as symbols.
The solid lines give the predictions of Eq. (18), which, for the present cases of a solid and gas inclusion, yields ∆p = 10σαβ/(9R)
and ∆p = 0, respectively. The observed deviations in the case of a cavity are very probably due to the fact that the radius
of sphere becomes comparable to the interface width η = 10∆x = 10nm. (b) The radial component of the stress tensor σrr is
shown versus the distance from the sphere’s center for the three test cases of (1) a spherical solid inclusion in a solid matrix
and (2) a spherical cavity in a solid body and (3) a solid sphere in a gas environment. Symbols show results obtained within
the present model and solid lines give the predictions of Eq. (19) for the respective cases.
with other physical properties of the model (see the inset
of Fig. (3b)).
In order to better understand the results of the cavity,
a detailed analysis of the forces acting in the interface
domain proves to be very useful. For this purpose, we
first decompose the force density f into one part associ-
ated with the interface and another part assigned to the
bulk:
(21)f = f int + fbulk .
The former has been introduced in Eq. (17). For the
latter, we have
(22)fbulk = ∇ · σbulk .
Figure 4 shows the above defined force densities across
the center line of a spherical solid body along the x axis.
One can see that all force densities are non-zero only in
the interface and that f int and fbulk essentially compen-
sate each other. In the both cases shown in Fig. 4a and
Fig. 4b, although not entirely zero, the remaining total
force density f is relatively small compared to the mag-
nitude of f int and fbulk. The non-zero value of f within
the interface is presumably due to numerical discretiza-
tion errors. Indeed, as addressed in a recent study28,
the accurate representation of forces within diffuse inter-
faces is a challenging numerical task and requires sophis-
ticated stencils. The implementation of a higher order
stencil would certainly increase the numerical accuracy
and shall be considered if the information within the in-
terface domain is of major interest.
It is instructive to split σbulk into contributions arising
from hydrostatic pressure and deviatoric stress σbulk =
s+1p. Recalling Eq. (22), this leads to a natural splitting
of fbulk into
(23)fbulk = fbulk-p + fbulk-dev,
with
(24a)fbulk-p = ∇p and
(24b)fbulk-dev = ∇ · s.
These quantities are also shown in Fig. 4. Interest-
ingly, in the case of a solid sphere in a gas environment,
the main contribution which compensates the surface
energy-induced force arises from the gradient of hydro-
static pressure fbulk-p (Fig. 4a). In the opposite situation
of a cavity inside a solid matrix, on the other hand, this
is the divergence of the deviatoric stress fbulk-dev which
ensures force balance (Fig. 4b). Apparently, the signifi-
cant increase of deviatoric stress is due to non-negligible
elasticity of the matrix surrounding the sphere. As the
sphere contracts in response to the action of surface-
induced radial forces, the surrounding matrix must ex-
pand accordingly, giving rise to elastic restoring forces
which act opposite to the direction of contraction. Since
the matrix is not a sphere but a cube with a spherical
hole, its deformation is quite complex with non-zero off-
diagonal components. However, if the matrix is not a
solid body but a ‘gas’-like medium, its resistance to the
contraction of the sphere is negligible so that the only
way to compensate the surface energy-induced force is
via the increase of internal pressure.
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Figure 4. The x component of the force densities across the center line of a spherical solid body along the x axis with
f = f int + fbulk and fbulk = fbulk-p + fbulk-dev (see Eqs. 17, 21, 22, and 23). The total force density is split into a part
arising from the interface energy f int and a part related to deformation in the bulk. These two contributions compensate each
other at mechanical equilibrium. (a) A solid sphere surrounded by gas (‖Couter‖  ‖Cinner‖). The contribution to fbulk,
which compensates f int originates from pressure gradient. (b) A gas cavity within a solid matrix (‖Couter‖  ‖Cinner‖). In
this case, this is the divergence of the deviatoric stress tensor fbulk-dev which mainly contributes to fbulk.
B. Stress within non-spherical solids
As further applications of the proposed multi-phase-
field method for surface energy-induced deformation, we
consider here a thin solid plate, an elliptical body and the
more complex geometry of two solid spheres after having
undergone a sintering process.
1. Stress difference without curvature
Due to the presence of curvature in a spherical body,
the resulting stress and deformation appears as a nat-
ural consequence of the action of surface tension. We
show here that, interestingly, surface energy-induced de-
formation may also occur in the case of a planar surface
or interface, i.e., in the absence of curvature. Assuming
that the stress tensor entirely vanishes outside the plate,
the condition of mechanical equilibrium then implies that
the component of the stress tensor in the direction nor-
mal to the surface is zero. Tangential stresses, however,
are present and lead to a deformation in the tangential
direction. By minimizing the free energy (see. App. B),
one obtains
(25)σ ‖ = −2σαβ
D
,
where σ‖ is the component of the stress tensor paral-
lel to the surface and D is the thickness of the plate.
Figure 5 shows a good agreement between the results ob-
tained from simulations using the present model and the
analytic prediction given in Eq. (25). The plot also illus-
trates the spatial variation of the tangential components
of the stress tensor and the corresponding contributions
of the bulk and interface stresses.
2. An ellipsoidal elastic body
Taking the example of an elliptical body, we inves-
tigate the pressure field inside the body at mechanical
equilibrium. Results of these simulations are illustrated
in Fig. 6a. It is important to note that, due to the loss of
spherical symmetry, it is difficult to obtain an analytical
solution for the corresponding equations of elasticity13.
Nevertheless, a qualitative understanding of the simula-
tion results is possible based on estimates of the relevant
local curvature. In order to better illustrate this aspect,
the diagonal components of the stress tensor and the cur-
vature term are compared in Fig. 6b along the x direction
and through the line connecting both foci of the elliptical
body. In Fig. 6c, the same quantities are shown along the
z direction through the center of the elliptical body.
One can see that the magnitude of σxx at the sharp
ends of the ellipsoid is comparable to −σαβκ at the same
point in Fig. 6b. In the same way, the magnitude of σyy
and σzz at the blunt sides of the ellipsoid is comparable
to −σαβκ at the same point in Fig. 6c. The correlation
can be understood by looking at Eq. (17). The interface-
force density is proportional to the local curvature and
the surface tension and acts along the surface normal di-
rection. Hence, at the sharp edges of the ellipsoid, f int
acts only along the x direction and has to be compen-
sated by a force of the bulk with fbulkx = ∂xσ
bulk
xx , since
there is no shear stress in the bulk. This explains the
gradient of the total stress σxx at the sharp edges of the
ellipsoid, which can be seen in Fig. 6b. Because there
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Figure 5. (a) The tangential components of the stress tensor σyy and σzz across the surface normal direction of a solid plate
of thickness D = 50nm surrounded by a ‘gas’ phase. The interface width is set to η = 10∆x = 10nm. As expected, the
components of stress tensor along the two tangential directions y and z are equal across the interface: σyy = σzz. The normal
component σxx is zero since no force is acting along the direction normal to the interface. Also, there is no force acting parallel
to the surface, because σ‖ is constant alongside the interface, so that ∇ · σ =
∑
i ∂iσijej = 0 (note that all the off-diagonal
components of the stress tensor are zero). The plot also shows the interface and bulk contributions to σ‖ = σ
int
‖ + σ
bulk
‖ . (b)
Simulation results on the tangential stress within the plate σ‖ are shown versus the plate thickness D. The solid line is the
analytic prediction given by Eq. (25).
is no contribution of σint normal to the interface, σxx
and σbulkxx are equal in Fig. 6b (see Eq. (15) and (16b)).
Following a similar argument, the correlation of σxx, σyy
and the curvature term −σαβκ, observed in Fig. 6c can
be rationalized.
3. Pressure inside a sintered structure
In order to further highlight the above idea, we address
the mechanical equilibrium condition for the case of two
solid spheres, sintered via surface diffusion29. The result-
ing sintered structure is used here as the starting point
of the calculations of deformation and stress fields.
Figure 7a shows the thus obtained result for hydro-
static pressure alongside a cut into the two spheres after
a sinter process and Figure 7b shows the components
of the stress tensor tangential and normal to the sur-
face along the line connecting the centers of the two sin-
tered spheres. In these calculations, the interface energy
of the grain boundary between the two spheres is as-
sumed to be ten times smaller than the surface energy,
σgrain-boundary = 0.1J/m
2. As shown in Fig. 7a, the pres-
sure in the neck between the two grains is reduced com-
pared to the pressure in the bulk of the two grains, but
still positive.
Based on the initial setup, one would expect that the
magnitude of tension in the grain-boundary is about ten
percent of the magnitude of tension in the surface. In-
deed this can be seen by investigating the component of
the stress tensor (see 7b). The amplitude of the tan-
gential components of the stress tensor σyy and σzz is
much larger in the surface as in the grain boundary in
the middle of the computation domain. Still, the mag-
nitude of the resulting tensions in the interface is higher
than expected. This can be explained with the negative
curvature of the neck which adds to the tension as well.
Figure 7b also shows a comparison of the results with
the curvature term −σαβκ. In the bulk of the grain, the
curvature term does not deliver a valid description for
the stress, but near the interface in the middle it corre-
sponds to the magnitude of the tangential components of
the stress tensor.
These results also demonstrate the capability of the
present multi-phase-field method in studying complex ge-
ometries.
V. CONCLUSION AND OUTLOOK
This work proposes a consistent treatment of surface
energy and elastic deformation within the multi-phase-
field framework.
The model is first validated using a number of bench-
mark problems for which analytic solution is available
within the continuum elasticity theory. These tests in-
clude various types of spherical inclusions in a gas or in a
solid matrix. Numerical results obtained with the present
approach are found to be in good agreement with analyt-
ical predictions in all the investigated cases. Effect of a
finite interface thickness, inherent to all phase-field-type
models, on the obtained results is also investigated. It
is shown that satisfactory data can be obtained already
with an interface thickness of five or six times the lat-
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Figure 6. (color online)(a) Color map of the pressure field in-
side an elastic ellipsoidal body. One can recognize the tension
within the surface domain (blue) and the opposing hydrostatic
pressure inside the bulk (yellow-orange). (b) Diagonal com-
ponents of the stress tensor and the surface curvature term
−σαβκ along the x direction and through the line connecting
both foci of the elliptical body and (c) along the z direction
and through the center of the elliptical body. The computa-
tion domain is discretized with 200× 100× 100 lattice nodes.
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Figure 7. (color online)(a) Color map of the pressure field
p = 1
3
trace (σ) is shown alongside a cut into two spheres
after having undergone a sinter process. (b) The diagonal
components of the stress tensor σxx, σyy, σzz and the cur-
vature term −σαβκ are shown alongside the line connecting
the centers of the two sintered spheres. The computation
domain is discretized with 64 × 64 × 96 lattice nodes. The
surface and interface energies are set to σsurface = 1J/m
2 and
σgrain-boundary = 0.1J/m
2.
tice spacing. In the case of a spherical cavity, deviations
are observed in the limit of small cavities. This is traced
back to the fact that the length scale over which physical
properties vary must be large compared to the interface
width.
The present model also provides information about
variation of stresses within the interface domain, for
which no analog exists in the sharp interface equations of
elasticity. It is, nevertheless, known from molecular the-
ories of capillarity that components of the stress tensor
within the interface must obey certain conditions. For
example, the integral across the interface of the differ-
ence between the normal and tangential components of
the pressure tensor is identical to the specific surface free
energy. Interestingly, the present model satisfies this fun-
damental requirement.
Moreover, the model is used to investigate the mechan-
11
ical equilibrium conditions for a thin plate. It is shown
that a non-zero tangential stress within the solid plate
occurs with a magnitude inversely proportional to the
plate’s thickness. Simulation results are found to be in
good agreement with the analytical result from theory of
elasticity.
The strength of the method is demonstrated by the
study of elastic deformation and the resulting stress dis-
tributions in cases for which, due to the complex geom-
etry, analytic solutions are not available. Two examples
of an elliptical body and a sintered structure are chosen
here for demonstration purpose. Despite the lack of ana-
lytic prediction, a qualitative understanding of the stress
distribution inside these bodies is gained by the use of
local curvature as a key concept.
The proposed multi-phase-field method for surface
energy-induced deformation can be easily combined with
contributions to the free energy functional due to the ac-
tion of electric and/or magnetic fields. This would open
the door to the application of the method to a wide range
of physical phenomena on the nanoscale.
It is also noteworthy that, by considering the interface
energy as a function of elastic deformation, it would be in
principle possible to account for situations where an elas-
tic enlargement of the surface or interface area reduces
the free energy of the system.
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Appendix A: Spherical inhomogeneities with surface
tension
In the following, we present analytical solutions for
isotropic elastic bodies with spherical inhomogeneities
and surface tension. Because of the spherical symmetry
of the considered cases, it is convenient to express the
condition of mechanical equilibrium ∇ · σ in spherical
coordinates. The equilibrium condition for the displace-
ment field of an isotropic spherical body and a torsion-
free body force f can be found in standard textbooks on
elasticity (see, e.g. Landau and Lifshitz30):
(A1)(λ+ 2µ)∇∇ · u = −f .
Because of the symmetry of the problem and being tor-
sion free, the displacement vector field can only have
a radial dependency and be parallel to the vector r:
u → ur(r)er, where er = r/r is the unit vector along
the radial direction. This directly implies ∇ × u = 0,
which is the condition for being free of torsion. Thus,
Eq. (A1) reduces to
(A2)
d
dr
[
1
r2
d
dr
(
r2ur
)]
= 0 ,
without a body force f . Equation (A2) is solved by
(A3)ur = C1r +
C2
r2
,
with the two constants C1 and C2. Equation (A3) de-
scribes the equilibrium displacement field of isotropic
spherical symmetric bodies in the absence of body forces.
Although, forces may act on the surface of the body and
enter through the boundary condition into Eq. (A3).
We follow a less general approach as in12 and consider
solely the effect of a constant surface tension without
other forces. Therefore, we consider a spherical inhomo-
geneity with the radius R, and the Lame´ parameters λI
and µI surrounded by a matrix phase with the Lame´ pa-
rameters λM and µM. By using Eq. (A3), we can write
for the displacement field:
(A4)ur =

C1r +
C2
r2
r < R
C3r +
C4
r2
r > R
.
The displacement field should be finite inside the inho-
mogeneity, vanish for r → ∞, and continuous at r = R
(Coherent interface) so that Eq. (A4) can be reduced to
(A5)ur =
Cr r < RCR3
r2
r > R
.
The remaining constant C can by determined by the re-
quirement of force balance at the interface
(A6)∇ · σbulk∣∣
r=R
+ ∇ · σint∣∣
r=R
= 0 .
Here (see App. A 1), the requirement of force balance
simplifies to
(A7)lim
r →R+
σbulkrr − lim
r →R−
σbulkrr =
2σ
R
,
where limr→R+ and limr→R− are right and left hand-side
limit. In order to determine the remaining constant C,
the resulting stress of the displacement given by Eq. (A5)
has to be calculated first. For isotropic elastic bodies,
the relation of bulk stress σbulk and the strain ε can be
formulated independent of the coordinate system:
(A8)σbulk = λ trace (ε) I + 2µε ,
where I is the identity tensor. Since the displacement
field, Eq. (A5), is known, the non zero component of the
strain tensor field are given by
(A9)ε =
∂ur
∂r
err +
ur
r
(eϕϕ + eθθ) ,
where er, eϕ and eθ are the basis vectors in spherical
coordinates with the short hand of the dyadic product
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eϕϕ = eϕeϕ. Inserting Eq. (A5) into Eq. (A9) and
Eq. (A9) into Eq. (A8) delivers for the stress tensor
σbulk =
{
(λI + 2µI)C (err + eϕϕ + eθθ) r < R
−C 4µMR3r3 err + C
2µMR
3
r3 (eϕϕ + eθθ) r > R
(A10)
Now the jump condition Eq. (A7) can be used to deter-
mine the constant C which delivers the solution for the
stress tensor:
(A11)σbulk
=

−3λI + 2µI
Λ
2σαβ
R
(err + eϕϕ + eθθ) r < R
4µM
Λ
2σαβR
2
r3
err − 2µM
Λ
2σαβR
2
r3
(eϕϕ + eθθ) r > R
,
where the shorthand Λ = 4µM + 3λI + 2µI has been in-
troduced. For the pressure difference across the interface
one obtains
(A12)∆p =
3λI + 2µI
4µM + 3λI + 2µI
2σαβ
R
.
1. Force balance and interface tension
In the following we show that the requirement of force
balance at the interface Eq. (A6) is equivalent to the
jump condition Eq. (A7). Therefore, divergences of the
stress tensors σbulk and σint have to be calculated. The
divergence of torsion-free stress tensor, which depends
only on r, can be calculated with
(A13)
∇ · σ (r) =
[
1
r2
∂
∂r
(
r2σrr
)− σϕϕ + σϕϕ
r
]
er
+
[
σϕϕ − σθθ
r
]
eϕ .
One can decompose the stress tensor of the bulk into the
stress inside the inhomogeneity σ− and the stress outside
of it σ+
(A14)σbulk = σ−Θ(R− r) + σ+Θ(r −R) ,
where Θ is the Heaviside function. Since the divergence
of σ− and σ+ is zero, the divergence of σbulk delivers
(A15)∇ · σbulk = σ+δ(r −R) er − σ−δ(R− r) er ,
where δ is the Dirac delta distribution. The interface
stress tensor σint can directly be formulated in spherical
coordinates:
(A16)σint = σαβδ (r −R) (eϕϕ + eθθ) ,
where Dirac delta distribution has been used instead of
the phase-field description Iαβ (see Eq. (12)). By insert-
ing Eq. (A16) into Eq. (A13) the force density on the
surface is obtained
(A17)∇ · σint = −2σαβ
r
δ (r −R) er .
One can see that the interface stress tensor results in
a force which acts normal to the interface and is pro-
portional to the curvature. This way, the sum of force
densities at the interface can be written as
(A18)σ+δ(r −R)− σ−δ(R− r) = 2σαβ
r
δ (r −R) .
Integrating Eq. (A18) over r delivers Eq. (A7).
Appendix B: Stress in a plate
Consider a finite undeformed area A0 of an infinitely
large plate of phase α, the thickness D and the surface
tension σαβ . Further consider the phase β to be a di-
lute gas with negligible hydrostatic pressure and free of
stress. The normal vector of the plate is assumed to be
along the positive x direction n = ex. We first show
that the component of the stress tensor along ex is zero.
For this purpose, we write the condition of mechanical
equilibrium for the x-component of force. This reads
0 = fx = ∂σxx/∂x + ∂σyx/∂y + ∂σzx/∂z. Note that,
for simplicity, we drop the index α from the stress and
strain tensors (σα = σ and εα = ε). Due to homogeneity
of the plate along the tangential directions y and z, the
corresponding partial derivatives vanish and one obtains
∂σxx/∂x = 0. Thus, σxx is constant along the x direc-
tion. Using the fact that the stress in the surrounding
gas phase is negligible, one sees that this constant value
must be zero: σxx = 0.
Similarly, one obtains from fy = 0 and fz = 0 the im-
portant result that σxy = σyx = 0 and σxz = σzx = 0.
Due to the symmetry of the problem, it finally follows
that σyz = σzy = 0. Thus, the stress tensor, is of a diag-
onal form, consisting of two equal tangential components,
σyy = σzz = σ‖, and a normal one, σxx = σ⊥.
In order to proceed further, we simplify the elastic part
of the total differential of the surface energy, Eq. (5),
according to the present planar geometry,
dF = 2A0σαβ [dεI,yy+dεI,zz]+A0D [σyydεyy+σzzdεzz] .
(B1)
Furthermore, we consider only the stress in the bulk of
the plate and use a sharp interface description, so that
σyy and σzz can be considered as mere constants. This
also allows the further simplification of ε = εI and σ =
σI , so that Eq. (B1) can be rewritten as
(B2)dF = 2A0σαβdε‖ +A0Dσ‖dε‖ ,
where we used ε‖ = εyy + εzz. Requiring that the elastic
contribution to the free energy variation must be zero,
dF/dε‖ = 0, one arrives at Eq. (25).
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